Kaluza-Klein-like theories seem to have difficulties with the existence of massless spinors after the compactification of a part of space [1, 2] . We show on an example of a flat torus with a torsion -as a compactified part of an even dimensional space -that a Kaluza-Klein charge can be defined, commuting with the operator of handedness for this part of space, which by marking (real) representations makes possible the choice of the representation of a particular handedness. Consequently the mass protection mechanism assures masslessness of particles in the noncompactified part of space. * The shortened version of this talk was sent to Phys. Rev. Lett..
I. INTRODUCTION
Kaluza-Klein-like theories [3] , assuming that it is only gravitational gauge field in ddimensional space, which manifests in the four dimensional part of space as all the known gauge fields and the gravity (and unifying accordingly all the known gauge fields into gravity, seems to be a very attractive and promising idea. The difficulties of these theories occur [1, 2] , when assuming that the compactification is responsible for the fact, that none but four dimensions are measurable at low energies. It looks namely very difficult to avoid after the compactification of a part of space the appearance of representations of both handedness (real representations) in this part of space and consequently also in the noncompactified part of space. Therefore, there is no mass protection mechanism to guarantee the masslessness of spinors [4] [5] [6] 1, 2] in the "realistic" noncompactified part of space.
The approach of one of us [7] [8] [9] 12, 13] , unifying spins and all the charges into only spins in more than four-dimensional spaces, is also a kind of Kaluza-Klein theories. If one lefthanded Weyl spinor with the spin as the only internal degree of freedom in 14-dimensional space is assumed [10, 12] , then this left handed spinor representation, if analyzed in terms of the quantum numbers of the subgroups SO(1, 3), SU(3), SU(2), U(1) of the group SO(1, 13), includes all the spinors and the "anti-spinors" of one family: the left handed weak charged and the right handed weak chargeless quarks and leptons, together with the right handed weak charged and the left handed weak chargeless anti-quarks and anti-leptons in the same representation. One can easily define the handedness [9] of a Weyl spinor in a flat Minkowski space with d = 14. Then accordingly also the handedness of each of the subspaces determining the spin (SO (1, 3) ) and the charges (the SO(6) charge, or rather the SU(3) charge and one U(1) charge, and the SO(4), or rather the SU(2) and another U(1) charge) can be defined. All these operators of handedness anti-commute with the Weyl equation of motion for a free spinor.
In spaces which do not have the symmetry of SO(1, d − 1), however, but rather the symmetry of SO(1, 7) × SO (6) , for example, which means that the ground state solution of the Weyl equation of motion spans the manifold M 1+7 × S 5 (besides the internal space), for example, the question then arises, if the handedness can still be defined in each of the subspaces, guaranteeing masslessness of spinors in this (SO(1, 7)) "realistic" part of space.
The proposed theory of one of us [7] [8] [9] 12, 13] Let γ a close the Clifford algebra
and let
so that they are formally unitary γ a † γ a = I. It follows then that
close the Lie algebra of the Lorentz group ({S ab ,
It is useful to define for spinors one of the Casimirs of the Lorentz group -the handedness
We understand the product of γ a 's in ascending order with respect to index a: S and γ a anticommutes, while in odd dimensional spaces they commute
Accordingly the Weyl equations of motion operator for a free spinor anticommutes with
S in even dimensional spaces, while in odd dimensional spaces they commute
The handedness of Eq.(4) is namely the Casimir also of the Poincaré group, which includes
M ab close the same Lie algebra of the Lorentz group as S ab do and
One also finds
The handedness Γ
is the Casimir of the Lorentz group ({Γ 
for spinors and ρ = 1 2 n−1 (n−1)! 2 for vectors (S i = ±1, 0)).
A. One Weyl spinor representation and the technique
We briefly repeat in this subsection the main points of the technique for generating spinor representations from the Clifford algebra objects, following references [14, 15] . The technique indeed origins from works, presented in the papers [7, 8, 10, 12] . In this paper we shall pay attention on even-dimensional spaces only.
Recognizing from the Lorentz algebra relation that two Clifford algebra objects S ab , S cd with all indices different commute, we select the Cartan subalgebra of the algebra of the Lorentz group for d = 2n as follows
Following refs. [14, 15] we introduce the graphic representation as follows
where k is a sign or a sigh times i obeying k 2 = η aa η bb , a doubled eigenvalue of S ab on spinor states.
It follows that
which means that we get the same objects back multiplied by the constant We further find
It also follows that S ac ab
It is useful to recognize that ab (k) are nilpotent operators, which are not hermitean:
[k] are projectors and hermitean operators:
According to ref. [14] , we define a vacuum state |ψ 0 > so that one finds <
Taking the above equations into account it is easy to find a Weyl spinor irreducible representation for d-dimensional space, with d even (or odd). (We advise the reader to see the references [14, 15] .)
For d even, we simply set the starting state as a product of d/2, let us say, only nilpotents ab (k), one for each S ab of the Cartan subalgebra elements (Eq.(11)), applying it on an (unimportant) vacuum state [14] . Then the generators S ab , which do not belong to the Cartan subalgebra, applied to the starting state from the left hand side, generate all the members of one Weyl spinor.
All the states of one irreducible Weyl representation have the same handedness Γ We present in this subsection the quantum numbers of the Weyl left handed spinor of SO(1, 5), using the technique [14, 15] . We make a choice of the Cartan subalgebra operators 
is in M 6 a plane wave, while the spinor part is for a generic p a a superposition of all the vectors, presented on Table I ψ
(+i)
12
[−]
with the condition (p In even-dimensional spaces a left handed spinor (Γ (1,5) = −1) is mass protected [14] (while in odd-dimensional spaces it is not [14] ) and an interacting field (gravity) can not for d even make spinors massive. In the four-dimensional subspace, however, nonzero components of the momentum p a in higher than four dimensions (nonzero either p 5 or p 6 ) manifest as a mass term, since they cause a superposition of the left and the right handed components of Γ (1,3) ). A spinor with nonzero components of a momentum p a in only d = 4, manifests in the four-dimensional subspace as a massless either left or right handed particle.
Let us repeat the properties of a free Weyl spinor from Eqs.(4,6,9,8), which we shall need in the next sections, keeping in mind that we are now in even dimensional spaces and parts of spaces
We also notice
S , S 56 } + ψ sol = −ψ sol , for h = 5, 6.
ψ sol denotes the solution of the Weyl equations of motion in d = (1 + 5).
III. WEYL SPINOR IN SPACES WITH CURVATURE AND TORSION
We repeat some well known relations for spaces with (only) gravity, manifesting as a gauge fields of the Poincar 'e group through vielbeins and spins-connections, needed later for our proof.
We let a spinor interact with a gravitational field through vielbeins f a µ and spin con-
Here a, b, .. denote a tangent space index, while α, β, µ, ν, .. denote an Einstein index. 
Taking into account that γ
with 
A term γ h p 0h ψ sol = 0, h ∈ {n + 1, .., d}, where ψ sol is defined by (γ a p 0a = 0)ψ sol = (γ m p 0m + γ h p 0h = 0)ψ sol , with m ∈ {0, 1, 2, 3, n − 1}, h ∈ {n + 1, .., d}, manifests as the n-dimensional mass term.
If all the dimensions except n are compactified, then one can assure the masslessness of spinors in the n-dimensional part of the space, if a way of compactifying all but n = 2k dimensions can be found, so that the handedness in the compact part of the space is well defined. Then, starting in (d = 2m)-dimensional space with a spinor of only one handedness and assuring that the spinor has in the compactified part of the space well defined handedness, then the handedness in n, being the product of the handedness in
S ) and the handedness in the compactified part of space d − n (Γ
, guaranteeing the masslessness of spinors in the ndimensional subspace.
We shall demonstrate in subsection IV that in case when M 1+5 compactifies to M
1+3
and a flat torus S 1 × S 1 with a torsion, in d = 1 + 3 massless spinors of well defined handedness exist. In subsection IV A we demonstrate appearance of an U(1) gauge field in the noncompactified part of space.
We present in what follows some well known relations, needed in section IV.
Requiring that the total covariant derivative [16] of a vielbein e Let us make, in a flat space with only a torsion, a choice of the following Lagrange density for the torsion field
with arbitrary coefficients a, b, c. The action leads after the variation of the action In a flat torus S 1 × S 1 the Riemann tensor is equal to zero, leading to:
with 5, 6 the two tangent indices (a, b) and (5), (6) 
We parametrize the zweiban as follows
with φ = φ(x (5) , x (6) ). Then it follows from Eq. (22) for the torsion
leading to
(5)(6) = φ , (6) .
In a flat space the covariant derivative of a torsion is equal to the ordinary derivative of a torsion (Eq.27). The Jacobi identities then read
We shall require that the ordinary derivative of a torsion is zero
from where it follows
The solution of these equations is
for a generic choice of {α, β}. Since φ is an angle with the periodic properties φ(0,
, it must be that α and β are two integers and we find e 5 (5) = cos(mx (5) + nx (6) ), e 6 (5) = sin(mx (5) + nx (6) ), e 6 (5) = −sin(mx (5) + nx (6) ), e 6 (6) = cos(mx (5) + nx (6) ),
where m and n are any integers.
We shall prove later that the requirement of Eq. (38) 
with the Weyl equations of motion in a flat torus with the torsion:
We have to prove that all the equations (32) 
which shows that also the second equation is fulfilled. We assume that for the ground state
which means that the ground state ψ sol is independent of p (5) and p (5) . In the internal (spinor) part, ψ sol can contain any of the four states of Table I and accordingly we conclude
which means that if we choose an eigenspace of the Kaluza-Klein charge ′′ M
(i)
′′ , we only get one eigenvalue for Γ (2) S on that subspace. , for a flat torus, we find that for the ground state solution, which is independent of x (5) and x (6) ,
Let us also check that (γ
contributing no mass term in the four-dimensional part of space.
Let us at the end look for the equations of motion for the torsion field, making use of the Lagrange density, proposed in Eqs. (29, 30) . One easily finds
Taking φ(x (5) , x (6) ) as variational fields we end up with the equations of motion
in agreement with what we obtained in Eqs.(40,41).
A. Appearance of U (1) gauge field
We demonstrate how a gauge field U(1) appears in the four-dimensional part of space after the compactification of space M 1+5 into the flat torus S 1 × S 1 with the torsion from section IV, if spin connections are appropriately chosen.
To simplify we take all the vielbeins and spin connections, contributing to gravity in M 1+3 , equal to zero. We only let to be non zero those components of the Riemann tensor, which contribute in M 1+3 to the U(1) gauge field R σρhk = 0, with h, k ∈ {5, 6}, σ, ρ ∈ {(5), (6)},
With the above choice of the Riemann tensor and the vielbein tensor we find
The spin connection A α := ω 56 α appears as a gauge field U(1) in M 
V. OUR CONCLUSIONS
Starting with a Weyl spinor of only one handedness in a flat Riemann space M 1+5 , we were able to find a compactified S 1 × S 1 flat Riemann space torus with a torsion (the spin connection ω hkα is accordingly equal to zero), for which we define the two Kaluza-Klein The crucial achievement of our example of compactifying space with a torsion is, that we can take the eigenvalue subspace of one of the proposed Kaluza-Klein charges (the two Kaluza-Klein charges commute) inside the solution space
namely, for example,
which accordingly contains wave functions of only one specific handedness Γ (2)
S ψ = αψ when γ a p 0a ψ = 0 and ′′ M
(1)
′′ ψ = βψ, with α determined from β.
According to the Witten's theorem [1, 2] the space of Eq.(51) must be real (reducible)
representation of the group U(1) × U(1) (which is demonstrated clearly in Table I ) and leads accordingly to a real representation in also the "physical" M 1+3 part of space, which is consequently without the mass protection. But from Table I it is clear that representations of both handedness distinguish among themselves in the S 56 charge. We proved that one can make use of this fact, if looking for the Kaluza-Klein charges. Our spinor has, due to the choice of the eigenvalue subspace of the Kaluza-Klein charges, only one handedness in the compactified part of space and consequently also in the "physical" part. The Witten "no-go" theorem is in our case not violated.
One still can make a choice of a spin connection on a way that the Weyl spinor interacts in the four-dimensional part of space with a gauge field, defined by the spin connection (Eq.(50)).
In the approach of one of us [7] [8] [9] [10] [11] [12] One should try to prove also another "no-go" theorem: For spaces without torsion one can never find a group of symmetry generators, implementing an isometry group, so that it can be used for splitting the solutions (the real Witten's space of solutions) into complex representations -the eigenvalue spaces of the handedness.
VI. ACKNOWLEDGEMENT
It is our pleasure to thank the participants of the series of Bled workshops, which were asking steadily one of the authors (NMB) to prove that marking spinor representations in a way to select one handedness is indeed possible in Kaluza-Klein-like theories. We thanks in particular C. Froggatt. NMB would like to thank M. Blagojević for fruitful discussions on teleparallel theories.
